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Numerical computing schemes for Arneodo’s chaotic system: A comparative study 
between Adams, BDF, implicit and explicit Runge-Kutta methods
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ABSTRACT

Now a days analyzing the various numerical computing methods play an essential role to enhance efficiency, accuracy, sta-
bility, robustness, and convergence for solving variety of computational problems arising in different scientific and engineering 
domains. Analyzing various numerical computing methods helpful to understand their capacity and ability to solve a mathematical 
problem and accordingly ranks the suitable in practice. The viable numerical computing helps in the process of inspecting data 
for better insights, design formulation, complicated structure modelling, and sustainable well-grounded standards for choosing an 
application with appropriate algorithm for numerical integration. Renowned numerical computing paradigm are exploited for solv-
ing the systems governed with differential equations to enhance the core components of mathematical sciences such as structural 
design analysis with bioinformatics, genetics, microelectromechanical systems (MEMS), chaotic electronic circuits, construction 
management, aerospace based satellite systems, fluid simulations, cryptocurrency trend analysis, weather forecasting, global warm-
ing simulations, risk management, stock market prediction and chaos problems etc..  The aim of presented study is to investigate 
the deterministic numerical computing paradigm to analysis the mathematical model of Arneodo’s system representing the chaotic 
complex oscillations and the bifurcation behavior of dynamical systems. In the presented study, four prestigious numerical com-
puting methods, i.e., Adams numerical computing (ANC) procedure, finite difference on backward differential formulas (FD-BDF) 
method, explicit Runge-Kutta (E-RK), and implicit Runge-Kutta (I-RK), are exploited for complex chaotic structure interaction for 
Arneodo’s system across transverse deviation dynamics. Numerical outcomes of these deterministic solvers are used to predict the 
behavior of bifurcation and the oscillations of all possible trajectories of the Arneodo’s system. The residual results confirm that all 
numerical methods successfully capture the bounded chaotic behavior of the Arneodo’s system effectively.

Keywords: Arneodo’s System; Numerical computing; Adams method; Runge-Kutta methods; Chaotic Dynamics.

1.　INTRODUCTION

Numerical computing involves large number of exhausting 
arithmetic calculations, i.e., the process of arithmetic operations, 
especially for addition, subtraction, multiplication, division and 
functional evaluations. The approximation of complex mathe-
matical calculations is required for fast and efficient computing 
devices. The process of numerical computing consists of select-
ing suitable numerical methods formulated into specific models, 
aiding in proficient solution finding and validation. Thus, plays a 
crucial role in computing real life engineering problems and fol-
lows the computing phenomenon utilizing discrete and continuous 
information. The information highlighted in Table 1 represents the 
significance of numerical computing publications in various sci-
entific fields globally that are listed as applied mathematics, me-
chanics, engineering electrical electronic and computer science in-
terdisciplinary applications for the query on web of science (WoS) 
with topic “numerical computing”. While USA, China, France 

and Germany are leading countries with the publication of 28188, 
23866, 10636 and 9023, respectively in the domain of numerical 
computing as per statistics visually showcased in Figure 1. Figure 
2 depicts the increasing annual trend of publications in domain of 
numerical computing per annum. The interest of vast communities 
in this domain highlights immense significance of numerical com-
puting in modern era.

Table 1　Summary of Publication Selection across Web of Sci-
ence categories

Web of Science Categories Record Count % of 113,749
Applied Mathematics 15933 14.007
Mechanics 14355 12.62
Engineering Electrical Electronic 11457 10.072
Computer Science Interdisciplin-
ary Applications 8604 7.564

Mathematics Interdisciplinary 
Applications 7504 6.597

Engineering Mechanical 7320 6.435
Engineering Multidisciplinary 6552 5.76
Physics Mathematical 6516 5.728
Astronomy Astrophysics 5592 4.916
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Web of Science Categories Record Count % of 113,749
Materials Science Multidisci-
plinary 5568 4.895

Physics Fluids Plasmas 4736 4.164
Physics Applied 4724 4.153
Telecommunications 4719 4.149
Engineering Civil 4439 3.902
Physics Multidisciplinary 3941 3.465
Mathematics 3811 3.35
Thermodynamics 3737 3.285
Geosciences Multidisciplinary 3195 2.809

Web of Science Categories Record Count % of 113,749
Optics 3140 2.76
Computer Science Information 
Systems 3130 2.752

Operations Research Management 
Science 2980 2.62

Computer Science Theory Meth-
ods 2861 2.515

Geochemistry Geophysics 2844 2.5
Automation Control Systems 2777 2.441
Physics Particles Fields 2709 2.382

Fig. 1　WoS Statistics for Leading Country Contributing to Numerical Computing Research

Fig. 2　WoS Statistics for Number of Publications Per Annum in Numerical Computing Research

Chaotic systems have strong nonlinearities and stiffness and 
therefore require state-of-the-art numerical computing algorithms 
to solve them. Henceforth, continuous efforts of the research com-
munity are exerted to explore, visualize, quantify, and develop 
new variants of existing computing schemes. The root of chaot-
ic behavior is generally represented by differential equations [1] 
because chaotic systems are deterministic nonlinear starting state 

with one possible outcome that displays aperiodic behavior over 
time and extremely sensitive to small changes in the initial condi-
tions [2]. Chaos is not random but complicated representation of 
the system due to which the researchers tried to find order in the 
chaos using shapes of strange attractors [3] that show the hidden 
patterns. The study of how tiny changes lead to huge unpredictable, 
yet patterned outcomes is introduced by pioneer of chaos theory 
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that is Henri Poincare done in the late 19th century [4]. Poincare’s 
meticulous calculations unveil the dynamics of economic field by 
implementing the predictability of complex chaotic system utiliz-
ing in meteorology field [5]. In 1981, Arneodo’s system was in-
troduced by Alain Arneodo that preserves symmetry by studying 
three-dimensional differential systems and is one of prestigious 
nonlinear chaotic systems describing complex oscillations and the 
bifurcation behavior for dynamical systems [6]. Chaotic systems 
play an important role in natural sciences such as forecasting com-
plex weather patterns [7], analyzing turbulent flow in fluid dynam-
ics [8], cryptography [9] and information security [10]. The stud-
ies recently reported including chaotic dynamics have been useful 
in autonomous behavior of robots [11] to interact with humans 
[12], analogue digital electronic circuits [13], field programmable 
gate arrays [14], macroeconomic agents [15], real-life micropro-
cessors modelling systems [16], secure communications [17], an-
tenna arrays [18], radar systems[19], biomedical engineering [20], 
civil infrastructure [21], mechanical[22], robot kinematics [23], 
power systems [24], chaotic optimization techniques [25], rescue 
operations [26], mine sweeping [27], lawn mowing tasks [28] and 
electro-hydraulic control systems [29]. 

The chaotic Arneodo’s system is crucial in study of nonlinear 

mechanical oscillators for analyzing vibrating beam and micro-
electromechanical systems [30], chaotic electronic circuits prob-
lems [31], image encryption applications [32], secure communi-
cation in microcontrollers [33], projective synchronization control 
[34], secure encryption of biomedical images [35], data security 
[36], order modulation for chaos control [37] and vice versa. Ar-
neodo’s system plays pivotal role in various physical and engi-
neering systems due to its cubic nonlinear term which represents 
nonlinear restoring force. Figure 3 represents the leading countries 
China, USA, France and England with the publications record of 
204,180,75 and 61 that is retrieved from Web of Science (WoS) 
using query “numerical computing” (topic) and “chaotic system” 
(all fields) with total outcome retrieved 925 publications. Similar-
ly, Figure 4 represents the global publications record from WoS 
with query “numerical computing” (topic) and “Arneodo system” 
(all fields) retrieved 17 records of France, Iran and China having 
publications on Arneodo system. Figure 5 exhibiting same query 
but representing the WoS Categories result. Interest shown by re-
searchers worldwide highlights the importance of Arneodo’s sys-
tem in the various domains as well as lead us to exploit numerical 
computing paradigms for in depth understanding of the complex 
dynamics with the help of comparative studies.

Fig. 3　WoS Statistical Analysis of Publications on Numerical Computing and Chaotic Systems (N = 925)

Fig. 4　WoS core collection of Global Distribution on Publications of Numerical Computing and Chaotic Systems
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Fig. 5　WoS core collection of global distribution applications of numerical computing and chaotic systems

The salient features of this study are:
● The complex nonlinear Arneodo’s chaotic attractor is numeri-

cally simulated using Adams, BDF, E-RK and I-RK numerical 
attractor.

● The time evolution trajectories of Arneodo’s systems are visual-
ized along with error analysis considering Adams the reference 
numerical solution.

● The chaotic attractors of the three compartmental Arneodo’s sys-
tem are effectively simulated by all four numerical methods.

● Error analysis reveals that Arneodo’s chaotic attractor is formu-
lated by all four numerical methods, while the error stays low 
throughout.

The remaining research article is structures as follows: Sec-
tion 2 provides mathematical formulation of Arneodo’s system 
capturing the chaotic behavior. Section 3 provides guidance on 
the numerical methods that are Adams’ and Backward Differen-
tiation Formula (BDF) methods, E-RK, and I-RK implemented in 
computing the nonlinear differential Arneodo’s system. Section 4 
demonstrates the results and discussion by showcasing outcomes 
in tabular and graphical form. Lastly, Section 5 presents the con-
clusion of this study and discusses possible future scope.

2.　MATHEMATICAL MODEL

In this section, the model presented by Arneodo et al in 1981 
through his studies on “Possible New Strange Attractors with Spi-
ral Structure” [4] governed with a three-dimensional nonlinear 
differential system [38] that exhibit chaotic behavior, oscillations 
and bifurcation [39]. Arneodo system is considered benchmark 
nonlinear chaotic model in engineering, mathematics, physics, 
and computational research. The Arneodo system is expressed as:

　　　　　　　　　  　　

(1)

X, Y, and Z are state variable and α, β, γ, and δ are controlling 
parameters as defined in Table 2 [4]. Where δX3 acts like restor-
ing force term and the initial conditions are (X[0], Y[0], Z[0])=(-

2,0.1,1), with parameters (α, β, γ, δ)=(-5.5,3.5,1, -1) [4]. Table 2 
provides a brief parametric description of the Arneodo’s system 
while a state diagram representation of the Arneodo’s system is 
provided in Figure 6.

Fig. 6　State Diagram of Arneodo’s system

Table 2　Description of the components within the Arneodo’s 
system.

Component Description
X Displacement
Y Velocity
Z Acceleration
α Controlling stiffness
β Stabilized motion
γ Influence on chaotic intensity
δ restoring force/nonlinear strength

3.　NUMERICAL METHODS

This section describes numerical investigation of the chaotic 
behaviors of the Arneodo’s system with dynamical behavior of the 
governed by the following i) nonlinear ordinary differential equa-
tions: we applied four prestigious numerical methods including 
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the Adams, BDF, E-RK and I-RK to solve the Arneodo’s system 
numerically.

3.1　Adams Numerical Computing Procedure

Adams numerical computing procedure (ANC) uses past data 
points to simulate the next solution efficiently due to its multi-step 
technique. There are two main types of Adams methods, namely 
Adams-Bashforth (Explicit) method and Adams-Moulton (Im-
plicit) methods. Adams methods are commonly utilized because 
its a highly efficient method. Adams-Bashforth (explicit) and 
Adams-Moulton (implicit predictor corrector) are more accurate 
with comparatively higher cost when compared with Runge-Kutta 
methods.

Assume a differential equation of the form:

 　　　　　　　　　　　　　　　　
(2)

Integrate both sides over the 3nterval:

                                                   
(3)

                                                        
(4)

3.2　Adams-Bashforth Method

The Adams-Bashforth method predicts next value using pre-
vious slopes:

                                                         (5)

where: fn and fn-1 are already know.

3.3　Adams-Moulton Method (Implicit)

In the implicit method, the unknown values are inside the 
formula including the future point itself:

                                                          
(6)

Then, we can clearly see

                                                                   (7)

where yn+1 is unknown.

3.4　BDF Method

BDF methods are utilized to solve stiff differential equations 
and are used in several applications of biological sciences and nu-
merous other fields. It is a fundamentally different method when 
compared with Adams numerical computing procedure. BDF 
computes the solution of y(t) by means of differentiation as well as 
polynomial interpolation.

For derivation of the 2-Step BDF method. Let’s suppose that 
y(t) is interpolated using the following points: 

                                                     (8)

Formulate the quadratic polynomial interpolation:

P(t)                                                                                        (9)

Differentiate the polynomial and establish the new point at 
tn+1 :

                                                                                                      (10)

Since 

                                                          (11)

We obtain 

                                                     
(12)

multiple by 2h:

                                                    (13)

Here is the 2-step Backward Differentiation Formula:

                                                   (14)

The generic formula for BDF shown as:

                                                
(15)

then for k-step BDF formula can be written as 

                                              (16)

In this paper, both numerical methods (Adams and BDF) are 
utilized to numerical solution for complex nonlinear Arneodo’s 
system. Throughout this study, Adams method is considered the 
reference solution which is compared with BDF methodology.

3.5　E-RK Numerical Method

Explicit Runge-Kutta methods are usually used to solve ordi-
nary differential equations. It’s a famous technique for numerical 
solutions of many initial-value problems. It is one of the meth-
ods from the family of Runge–Kutta (RK) methods. An historical 
overview of this approach for solving differential equations is giv-
en by Butcher [40]. The E-RK method is used to solve an initial 
value problem of the form

                                                     (17)

Now we pick a step-size h>0and formulate the method:

                                                                      (18)

                                                    
(19)

                                                    
(20)
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                                                        (21)

E-RK method has played a pivotal role in the fields of engi-
neering, fluid dynamics, robotics, aerospace, and chaos theory due 
to its accuracy and simplicity.

3.6　I-RK Numerical Method

The implicit form of Runge-Kutta is also utilized to solve 
both ordinary differential equations (ODE’s) and differential al-
gebraic equations (DAE’s). This method is particularly efficient 
in numerically solving stiff differential equations where explicit 
method requires extremely small-time steps. Consider the initial 
value problem:

                                                      (22)

Where numerical approximation yn+1 at 

                                                                             (23)

                       (24)

                                                             
(25)

This is the generalized form of the famous I-RK method.

4.　RESULTS AND DISCUSSION

This section provides discussion on the numerical study of 
complex nonlinear Arneodo’s system. For Case-I Using parame-
ters (α, β, γ, δ) = (-5.5,3.5,1, -1) described in Section 2 with Ad-
ams, BDF, E-RK and I-RK method. The behavior of X(t), Y(t), 
and Z(t) with 0 ≤ t ≤ 500-time interval in Figures 7, 8 and 9 where 
Adams is the reference numerical solution. In Figure (2a), Arne-
odo’s X(t) compartment over the simulated interval 0 ≤ t ≤ 500 
using Adams numerical approach is clearly confined within a finite 
amplitude range but exhibiting irregular and chaotic oscillations 
between the range of -4 to + 3.5. To further interrogate the tempo-
ral behavior, three different short intervals 0 ≤ t ≤ 150, 0 ≤ t ≤ 100, 
and 0 ≤ t ≤ 50 are graphically provided in Figures (7b), (7c) and 
(7d) respectively. These time intervals highlight the steady state, 
while the longer intervals show the continuousness of aperiodic 
oscillations. These observations indicate that the numerical solu-
tion captures the characteristic bounded and irregular behavior of 
Arneodo’s chaotic system while Figure (8a) exhibit trajectory evo-
lution of Arneodo’s Y(t) compartment over the simulated interval 
0 ≤ t ≤ 500 using Adams numerical approach is clearly confined 
within a finite amplitude range but exhibiting irregular and chaotic 
oscillations between the range of -6 to +6. To further interrogate 
the temporal behavior, three different short intervals 0 ≤ t ≤ 150, 0 
≤ t ≤ 100, and 0 ≤ t ≤ 50 are graphically provided in Figures (3b), 
(3c) and (3d) respectively, similarly Figure (9a) Arneodo’s Z(t) 
compartment over the simulated interval 0 ≤ t ≤ 500 using Adams 
method exhibiting huge deviation, around -15 to +15. To further 
interrogate the temporal behavior, three different short intervals 0 
≤ t ≤ 150, 0 ≤ t ≤ 100, and 0 ≤ t ≤ 50 are graphically provided in 
Figures (9b), (9c) and (9d) respectively. Its indicate oscillatory ir-
regular behavior with persistence around the zero. No steady-state 
equilibrium with the topmost variations observed in Z(t). That 

sharp peaks in Z(t) represent the speedy change in the trajectory. 
Rest of the methods were implemented with same interval of time 
0 ≤ t ≤ 500. Figure 10 represents the response trajectories X(t), 
Y(t), and Z(t) using BDF numerical method. Figure (10a) repre-
senting that X(t) compartment over the simulated interval 0 ≤ t ≤ 
500 oscillate around -4 to +4, with three different short intervals 
0 ≤ t ≤ 150, 0 ≤ t ≤ 100, and 0 ≤ t ≤ 50 are graphically provided in 
Figures (10b), (10c) and (10d) respectively while Figure (11a), Ar-
neodo’s Y(t) compartment over the simulated interval 0 ≤ t ≤ 500 
using Adams numerical approach is clearly confined within a finite 
amplitude range but exhibiting irregular and chaotic oscillations 
between the range of -6 to +6. To further interrogate the temporal 
behavior, three different short intervals 0 ≤ t ≤ 150, 0 ≤ t ≤ 100, and 
0 ≤ t ≤ 50 are graphically provided in Figures (7b), (7c) and (7d). 

Similarly, Figure (12a) Arneodo’s Z(t) compartment over the 
simulated interval 0 ≤ t ≤ 500 using Adams method exhibiting huge 
deviation, around -15 to +15. To further interrogate the temporal 
behavior, three different short intervals 0 ≤ t ≤ 150, 0 ≤ t ≤ 100, 
and 0 ≤ t ≤ 50 are graphically provided in Figures (12b), (12c), and 
(12d).In Figure (13a) obtain from E-RK method were X(t) demon-
strate irregular oscillate response remains between -4 to +4  with 
three different short intervals 0 ≤ t ≤ 150, 0 ≤ t ≤ 100, and 0 ≤ t ≤ 
50 are graphically provided in Figures (13b), (13c) and (13d).and 
Figure 14 Y(t) varies between -8 to +6 with three different short 
intervals 0 ≤ t ≤ 150, 0 ≤ t ≤ 100, and 0 ≤ t ≤ 50 are graphically 
provided in Figures (14b), (14c) and (14d) respectively. In Figure 
(15a), Arneodo’s Z(t) compartment over the simulated interval 0 
≤ t ≤ 500 using BDF numerical method exhibiting huge deviation, 
around -15 to +15. To further interrogate the temporal behavior, 
three different short intervals 0 ≤ t ≤ 150, 0 ≤ t ≤ 100, and 0 ≤ t ≤ 50 
are graphically provided in Figures (15b), (15c) and (15d). Its in-
dicate oscillatory irregular behavior with persistence around zero 
with the topmost variations observed in Z(t). That sharp peaks in 
Z(t) represent the speedy change in the trajectory. Similarly Figure 
(16a) obtained by I-RK method were X(t) demonstrate irregular 
oscillate response remains between -4 to +4  with three different 
short intervals 0 ≤ t ≤ 150, 0 ≤ t ≤ 100, and 0 ≤ t ≤ 50 are graph-
ically provided in Figures (16b), (16c) and (16d).In Figure (17a) 
the trajectory evolution of function Y(t) of Arneodo’s system using 
I-RK varies around -6 to +6 with three different short intervals 0 ≤ 
t ≤ 150, 0 ≤ t ≤ 100, and 0 ≤ t ≤ 50 are graphically provided in Fig-
ures (17b), (17c) and (17d) respectively. In Figure (18a), Arneo-
do’s Z(t) compartment using I-RK numerical method demonstrates 
the large amplitude range between -15 to +15 with huge deviation. 
To further interrogate the temporal behavior, three different short 
intervals 0 ≤ t ≤ 150, 0 ≤ t ≤ 100, and 0 ≤ t ≤ 50 are graphically 
provided in Figures (18b), (18c) and (18d). It indicates oscillatory 
irregular behavior with persistence around zero. Comparison with 
all methods has demonstrated stronger spectrum chaotic oscillato-
ry response than X(t), Y(t) it represents the nonlinear effect while 
X(t) remains within a smaller range, Z(t) oscillates approximately 
between ±15 under the selected parameter values. It indicates that 
the third state variable has a stronger dynamic response Howev-
er, despite its larger amplitude, the response remains bounded and 
does not diverge, which confirms the chaotic nature of the system. 

Exhaustive error analysis between reference Adams Nu-
merical Computing (ANC) Procedure across various numerical 
techniques including BDF, E-RK and I-RK for the X(t), Y(t) and 
Z(t) components of Arneodo’s chaotic system dynamics across 
the time domain 0 ≤ t ≤ 500 is showcased in Figures 19, 20 and 
21 correspondingly. Figure (19a) exhibits absolute error between 
Adams Numerical Computing (ANC) Procedure and the other nu-
merical solutions such as BDF, E-RK, and I-RK schemes. In Fig-
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ure (19a), showing solver-dependent deviations caused by chaotic 
sensitivity with the minimum residuals of Adams vs BDF in Arne-
odo’s X(t) component which is 1.3790017739e-10 and maximum 
residuals is 6.6562602866e+00 with MAE 1.9302504058e+00. 
Similarly, in Figure (19c), the minimum absolute error deviation 
of Adams vs E-RK is 4.1141859919e-09 and maximum residuals 
is 6.9159928211e+00 with MAE 2.0113364328e+00 for Arne-
odo’s X(t) component. In Figure (19d), we observe a minimum 
residual of Adams vs I-RK of 5.9559297494e-09 and maximum 
residual of .6919431044e+00 with MAE 1.9636032449e+00 in 
Arneodo’s X(t) component. Figure 20a exhibits absolute error 
between reference Adams Numerical Computing (ANC) Proce-
dure across various numerical techniques including BDF, E-RK 
and I-RK for the Arneodo’s Y(t). Figure 20(b) exhibits absolute 
error of Arneodo’s Y(t) compartment with the minimum residu-
als of Adams vs BDF is 8.4851278781e-10 and maximum resid-
uals is 1.0702299044e+01 with MAE 2.1049407668e+00. Simi-

larly, Figure 20(c) the minimum residuals of Adams vs E-RK is 
4.9398699575e-09 and maximum residuals is 1.1111816437e+01 
with MAE 2.0244326670e+00, Figure 20(d) the minimum resid-
uals of Adams vs I-RK is 6.5951956119e-09 and maximum resid-
uals is 1.0748194708e+01 with MAE 2.0444278415e+00. Simi-
larly, Figure 21a exhibits absolute error between reference Adams 
Numerical Computing (ANC) Procedure across various numeri-
cal techniques including BDF, E-RK and I-RK for the Arneodo’s 
Z(t). Figure 21(b) exhibits absolute error of Arneodo’s Z(t) com-
partment with the Minimum residuals error of Adams vs BDF is 
2.4438515100e-10 and maximum residuals is 1.8571419828e+01 
with MAE 3.9385665605e+00. Similarly, the minimum residuals 
of Adams vs E-RK which is 2.0729014283e-08 and maximum re-
siduals is 2.1034817721e+01 with MAE 3.7247976958e+00, The 
minimum residuals of Adams vs I-RK which is 7.7073988025e-
09 and maximum residuals are 1.8929289471e+01 with MAE 
3.8281942959e+00.

(7a) Trajectory evolution of function X(t) of Arneodo’s system using Adams method

(7b) 0 ≤ t ≤ 150 (7c) 0 ≤ t ≤ 100 (7d) 0 ≤ t ≤ 50

Fig. 7　Time response of the Arneodo’s chaotic system state X(t) over 0 ≤ t ≤ 500 obtained by Adams method.

(8a) Trajectory evolution of function Y(t) of Arneodo’s system using Adams method
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 (8b) 0 ≤ t ≤ 150 (8c) 0 ≤ t ≤ 100 (8d) 0 ≤ t ≤ 50

Fig. 8　Time response of the Arneodo’s chaotic system state Y(t) over 0 ≤ t ≤ 500 obtained by Adams method.

(9a). Trajectory evolution of function Z(t) of Arneodo’s system using Adams method

(9b) 0 ≤ t ≤ 150 (9c) 0 ≤ t ≤ 100 (9d) 0 ≤ t ≤ 50

Fig. 9　Time response of the Arneodo chaotic system state Z(t) over 0 ≤ t ≤ 500 obtained by Adams method.

(10a) Trajectory evolution of function X(t) of Arneodo’s system using BDF method

(10b) 0 ≤ t ≤ 150 (10c) 0 ≤ t ≤ 100 (10d) 0 ≤ t ≤ 50

Fig. 10　Time response of the Arneodo’s chaotic system state X(t) over 0 ≤ t ≤ 500 obtained by BDF method.
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(11a) Trajectory evolution of function Y(t) of Arneodo’s system using BDF method

(11b) 0 ≤ t ≤ 150 (11c) 0 ≤ t ≤ 100 (11d) 0 ≤ t ≤ 50

Fig. 11　Time response of the Arneodo’s chaotic system state Y(t) over 0 ≤ t ≤ 500 obtained by BDF method.

(12a) Trajectory evolution of function Z(t) of Arneodo’s system using BDF method

(12b) 0 ≤ t ≤ 150 (12c) 0 ≤ t ≤ 100 (12d) 0 ≤ t ≤ 50

Fig. 12　Time response of the Arneodo’s chaotic system state Z(t) over 0 ≤ t ≤ 500 obtained by BDF method.

(13a) Trajectory evolution of function X(t) of Arneodo’s system using E-RK method
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(13b) 0 ≤ t ≤ 150 (13c) 0 ≤ t ≤ 100 (13d) 0 ≤ t ≤ 50

Fig. 13　Time response of the Arneodo’s chaotic system state X(t) over 0 ≤ t ≤ 500 obtained by E-RK method.

(14a) Trajectory evolution of function Y(t) of Arneodo’s system using E-RK method

(14b) 0 ≤ t ≤ 150 (14c) 0 ≤ t ≤ 100 (14d) 0 ≤ t ≤ 50

Fig. 14　Time response of the Arneodo’s chaotic system state Y(t) over 0 ≤ t ≤ 500 obtained by E-RK method.

(15a) Trajectory evolution of function Z(t) of Arneodo’s system using E-RK method

(10b) 0 ≤ t ≤ 150 (10c) 0 ≤ t ≤ 100 (10d) 0 ≤ t ≤ 50

Fig. 15　Time response of the Arneodo’s chaotic system state Z(t) over 0 ≤ t ≤ 500 obtained by E-RK method.
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(16a) Trajectory evolution of function X(t) of Arneodo’s system using I-RK method

(16b) 0 ≤ t ≤ 150 (16c) 0 ≤ t ≤ 100 (16d) 0 ≤ t ≤ 50

Fig. 16　Time response of the Arneodo’s chaotic system state X(t) over 0 ≤ t ≤ 500 obtained by I-RK method.

(17a) Trajectory evolution of function Y(t) of Arneodo’s system using I-RK method

(17b) 0 ≤ t ≤ 150 (17c) 0 ≤ t ≤ 100 (17d) 0 ≤ t ≤ 50

Fig. 17　Time response of the Arneodo’s chaotic system state Y(t) over 0 ≤ t ≤ 500 obtained by I-RK method.

(18a) Trajectory evolution of function Z(t) of Arneodo’s system using I-RK method
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(18b) 0 ≤ t ≤ 150 (18c) 0 ≤ t ≤ 100 (18d) 0 ≤ t ≤ s50

Fig. 18　Time response of the Arneodo’s chaotic system state Z(t) over 0 ≤ t ≤ 500 obtained by I-RK method.

(19a) Comparison graph for absolute error between Adams vs BDF, Adams vs E-RK and Adams vs I-RK for X(t)

(19b) Adams vs BDF

(19c) Adams vs E-RK
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(19d) Adams vs I-RK

Fig. 19　Absolute error between Adams vs other numerical solution with BDF, E-RK, and I-RK for X(t)

(20a) Comparison graph for absolute error between Adams vs BDF Adams vs E-RK and Adams vs I-RK for Y(t)

(20b) Adams vs BDF

(20c) Adams vs E-RK
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(20d) Adams vs I-RK

Fig. 20　Absolute error between Adams vs other numerical solution with BDF, E-RK, and I-RK for Y(t)

Comparison graphs representing the absolute error of Adams vs BDF Adams vs E-RK and Adams vs I-RK methods for three different 
functions: (a) X(t), (b) Y(t), and (c) Z(t). Each graph illustrates the variation of absolute error with respect to tfor the compared methods

(21a) Comparison graph for absolute error between Adams vs BDF Adams vs E-RK and Adams vs I-RK for Z(t)

(21b) Adams vs BDF 
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(21c) Adams vs E-RK

(21d) Adams vs I-RK

Fig. 21　Absolute error between Adams vs other numerical solution with BDF, E-RK, and I-RK for Y(t)

5.　CONCLUSION

This study demonstrates an effective numerical analysis of 
Arneodo’s system that exhibits complex chaotic behavior with all 
methods implemented namely the Adams, BDF, E-RK and I-RK 
methods. The comparative studies of the Adams vs BDF, Adams 
vs E-RK, and Adams vs I-RK procedure are portrayed with ab-
solute residual analysis of the three compartmental Arneodo’s 
system X(t), Y(t), Z(t). The results show that the Adams, BDF, 
E-RK, and I-RK numerical schemes produce comparable chaot-
ic responses, although solver-dependent deviations are observed. 
The very small minimum residual values, ranging from 10-9 to 10-

8, indicate that the numerical methods agree very closely at certain 
time instants. The maximum residuals, which reach approximately 
5.5 to 5.8, show that noticeable deviations occur during the simu-
lation. These deviations are expected in chaotic systems because 
small differences introduced by numerical schemes can grow with 
time due to the sensitive dependence on initial conditions and non-
linear system dynamics. Among the comparisons, the Adams–E-
RK pair gives the lowest mean absolute error, suggesting better 
average agreement for the X(t) response. On the other hand, the 
Adams–BDF comparison gives the lowest mean square error, indi-
cating slightly better control over squared-error accumulation. The 
residual results confirm that all numerical methods successfully 
capture the bounded chaotic behavior of X(t). The differences be-
tween the solvers do not necessarily indicate failure of the meth-
ods; rather, they reflect the natural sensitivity of chaotic systems 
to numerical approximation. Since an exact analytical solution is 
not available, these values should be interpreted as numerical re-

siduals between computational schemes rather than exact physical 
errors. Therefore, the error analysis supports the reliability of the 
obtained chaotic response while also highlighting the importance 
of using multiple numerical methods for validation.

5.1　Limitations & Future Work

In this study, we merely simulated Arneodo’s system nu-
merically using four prestigious numerical schemes. In future, we 
may extend these to hybrid computationally intelligent schemes 
[41-42] in order to solve the Arneodo’s system. Moreover, in this 
study, the point of interest is in the classical ODE form of the 3D 
Arneodo’s system. Feature additions such as the effect of delay, the 
fractional-order memory, stochastic noise elements can be induced 
across the classical Arneodo’s system to enhance the properties 
of the dynamical system. More aggressive numerical simulations 
may be run to study the nature of the system and its chaotic attrac-
tor properties. Arneodo’s chaotic system applications in security/
encryption should be explored as well. Controlling chaos posed 
by Arneodo’s attractor using traditional as well as Reinforcement 
Learning based intelligent methodologies should be considered in 
the future as well. Moreover, the chaotic nature of Arneodo’s sys-
tem should be juxtaposed across other famous chaotic attractors 
such as Lorenz, Rossler and Chua based attractors.
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